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o An explanation to every answer is required

o You can make use of a calculator

o (Part of) the scores to exercises 1c and 5 may be earned by homeworks, see table at the end

1. The normed vector space of all bounded real sequences is denoted by l* , its norm by

ll"ll- : sup lo,l, where a: (ar,Q2tart "') with a. € IR.

(a) Check the triangle inequality for ll'll-.
(b) Give an example of two vectors a,b e l* for which

lla + all| + ll, - àll1 : z ll"llï+ 2 llöll1

does not hold. What conclusion for l* can be drawn from such an example?

We define co i: {a e l* | limr- c* dn :0} to be the linear subspace of all sequences tending to 0.

(c) Show that cs is a closed subset of l*.

2. Let H : 12 with the standard inner product and the standard basis of unit vectors (e,)",ex.
Define the vectors fn :: en i 2en+2, n € N. Thus

"fr: (1,0,2,0,...), lz- (0,1,0,2,0,...), "fa: (0,0, 1,0,2,0,"'),

andlet S::{Ín Ine N}.

(a) Find a maximal orthonormal system of -P :: ,Sa.

(b) Define tr i: eL * ez and compute the distance between r and F, so what is 
uinË 

llr - yll ?

3. Let C1[-1, 1] denote the space of complex-valued, differentiable functions ,f t [-1, 1] -+ IR. with
continuous derivative /' and /(-1) :0. Introducing the inner product

ft
$,g): J_r$@)t@) 

+ Í'@)s'@)) dr

we get the Sobolev space I11 by completing Cl[-t, t].

(a) Prove that a Cauchy sequence (,f,) in this inner product space Cl[-1, 1] converges uniformly
to a continuous function on [-1,1].

(b) Show that cp : Hr -+ C with p(Í): /(0) is a well-defined bounded linear map.



(u)

(b)

(")

4. Let A t L2(0,1,) -+ L2(0,1) be the operator on the complex:Hilbert space L2(0,1), defined by

Af (r): [. ylry a, for alt Í e L2(o,t).
Jo

Show that A does not have eigenvalues. l

Determine ,4,*.

Prove that AA* is an integral operator of the type

ftAA.s(r): I k(r,y)s(y) d,y for all e € L2(0,1).
Jo

It has been proved that the eigenvalues of. AA* are

r - 
1- 4

^n: nz 1rr 4y wlth n ez.

Determine the spéctrum o(AA-) of AA*.

5. Let a : (CI,)f:l be a sequence of complex numbers, Define

D : 
{. 

e t21cyl f {loor* l2 *layx2sa,l') . *}

(d)

and the operator T : D -+ l2(C) by

Tr - (ap2, ottÍt, otzfi , Q2ïZ), .,

Show that 2 is dense in /2(C).

Show that 7 is a closed operator.

Show that ? is compact in case.lj15o", :0.

Grading scheme:
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I

I

Total:36* 4:40 points

'(a) 2
(b) 2
(") 3

2. @)a'(b) 3

3. (a) a
(b) 3

a. (a) 2
(b) 2
(c) 3
(d) 2

5. (a) 2

.(b) 2
(c) 2


