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DiÍÍerential Equations
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Course code: 1 91 560380

Atl answers must be clariÍied.

It ls allowed to use an electronic calculator.

@
Getl phones must be turned oÍÍ at all times!

1- Solve the Íollowing initial value 

ï:0,"Ï
I
I s(0) : r.

2. The matrix A is defined by

l-o 1 ol
lz o 2l .

lo 1 ol

(a) Find the eigenvalues and eigenvectors oÍ A'

(b) Find an invertible matrix P and a diagonal matrix D such that .4 : PDP-I.

(c) Find e'l.
(d) Solve the initialvalue problem

Y' : O", 
-r,

y(0) : 
L ;l

3. Consider the Íollowing system oÍ diÍÍerential equations:

fr,:a2 -g2,
U'=2-*'-Y''
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(a) Find allequilibrium points.

(b) Classify each equilibrium point: is it a saddle point, a nodal source or sink or a spiral source
or siok?

(c) Find the nullclines and sketch them in the phase plane.

(d) Skecth arrows across the nullclines that indicate the direction of the trajectories crossing
the nullclines.

4. Consider the system

fr': 2a+x sin(car),

U':-2r-ysin(xy).

(a) Show that the system is Hamiltonian, without explicitly calculating the Hamiltoninan Íunc-
tion.

(b) Find a Hamiltonian function oÍ the system.

5. Consider the system

rt =rU-tU2,
a':-a3-2r2.

DeÍine V(x,y) : aï2 * gr2, where a is a positive constant.

(a) Find 7.

tbf Finfa vahre of a forwhic#is-negative semi.Oefrnlm(O;e}*
(c) What can you say about the behavior of the equilibrium point (0,0): is it unstable, stable or

asymptotically stable?

6. The wave equation for the displacement u(r,t) of a string with velocity constant c : 1 is

02u 02u
M: a"r'

Use Fourier series to Íind u(x,t) for a string with length L : r with fixed endpoints, initial
displacement z(r,0) : 0, and initial velocity

u1@,A):ï-* Íor0( rSL.

Awarded points
2-

't :3 2 a:2
b:2
c:3
d:2

3 a:1
b: 3
c:2
d: 3

4 a:2
b:3

5 a:2
b:2
c:1

6 :5

Total: 36 *4:40 points.
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