Exam Complex Function Theory
Code 201500405
Date : Monday July 11, 2022

Place : Therm-1
Time : 08.45-10.45

All answers must be motivated.

The use of the book, or lecture notes, summaries, etc. is not allowed.

The use of a pocket calculator or any other electronic equipment is not allowed.

1. (a) For which «, 3 € R is the function
u(z,y) = 2° + ay® + By

harmonic?

(b) For the a’s and ’s found in the previous part. determine the entire function f(z)

such that f(0) =i and u(z,y) = Re(f(z + iy)).

2. Of each of the following statements determine if it is true or not. If it holds, provide a

proof, otherwise show that it does not hold, for instance via a counterexample.

(a) Log(z122) = Log(z1) + Log(z2) for all z1,22 € C\ {0}.
(b) For R > 0, the integral ﬁ 2|=R 1dz is independent of R.

(c) There does not exist a non-zero function which is analyticon D = {z € C | Re(z) >

0} and has infinitely many zeros in D.

3. Define the function h(z) by

22_1
h(z) = = .

= )

(a) Determine the Laurent series of h.
(b) Determine of h the poles with their order.

(c) Classify the behaviour at oo for h.
4. Determine the following extremum
2
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Figure 1: The curve vg.

5. Consider the function
e” y
f(z) = cosh(2z)"
(a) Show that f(z+ i) = —f(2).
Hint: cosh(z) = ££—.
(b) Show that z; = (XX + T) i, k € Z, are poles of f(z). and determine their order.
(c) Determine the integral of f(z) along the closed curve vz, see Figure 1 for its graph

and orientation.
Hint: You may assume that z; of item (b) are the only poles of f.

(d) Determine the following integral

o0
p.v. / Fla)de, where p.v. stands for principle value.
—00

6. It is easy to show that g(x) = sin(x) maps the open interval (—2x, 27) into the closed
interval [—1,1]. We study in this exercise if this can happen for a domain D c C.
Let f(z) be a non-constant entire function, and let zo € C. We define ¢ € C as f(z),
1gs fln) = o
(a) Prove that there exists an ro > 0 such that f(w) # cforallw e {z e C |0 <
|Z = Zal < T()}.
(b) For r € (0,79) we define D, = {z € C| |z — 2| < r}, and
o(r)= min |f(z)— |
|z—zg|=r
Show that there exists a z € I, such that
1
f(2) = c+ 30(r).
(c) Does there exists a domain D such that the sinus function maps D onto [—1,1]?
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