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(1) Linear First Order PDE on a Quarter Plane
ThePDE

1
5(1+x)um+(1+t)ut+u=0

is to besolvedonthequarterplanez > 0, ¢t > 0, subjectto the condition

1
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u(z, 0) L or >0
(@) The PDE s in standardform TB(1.3) with coeficient functionsa(z,t) = (1 + z)/2, b(z,t) = 1 + ¢,
c(z,t) = 1. ThecharacteristiequationTB(1.6)is

d _bzt) 1+t
dz  a(z,t) “1+4+z’

If we chooseaparametrizatiotvy z, determininghecharacteristicurvesmeango solve theseparablerdinary
differentialequationt’(z) = 2(1 + t(z))/(1 + z). Specifiedby aconstanparametet, the solutionsare

tz) =c(l+z)? 1.

(b) Condition(2) prescribes: on the positive z-axis,whichis nota characteristicurve. Hence(2) determines
a uniquesolutionof (1) for thosepoints of the quarterplane D, which canbe connectecby a characteristic
line to apoint onthe positive z-axis. Accordingto thefigure,thesearethe pointsbelow the characteristiavith
parameter = 1, i.e.thepoints(z,t) with z > 0,¢ > 0, andt < (1 + z)? — 1 (c.f. theremarkin part(c)).

(c) To solve the problem,we follow the reasoningof sectionTB1.2. The characteristicequationinducesa
transformation

(s 14t
- n_(l—i-x)z

with norvanishingJacobian
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Usingtherelationst, = 1,& = 0,7, = —2(1 +t)/(1+ z)%, ;= 1/(1 + z)%, andz = &, t = (1 + )2 - 1
onw(é(z,t),n(x,t)) = u(z,t), equation(1l) canbetransformedo the simplerform

1

Regardingthis asa (separableprdinarydifferentialequationwith w dependingprimarily on £, this ODE can
besolvedreadily wheretheintegrationconstantandconsequentlyhe solutionmustbeassumedo depencon
the parametep:

’LU(f, 77) =

g is afunctionof onevariablethatis to be specifiedater Backtransformatioto unknavns z andt yieldsthe
generakolutionof (1):

1 1+1
)= iy ()

Now the condition(2) demands

(2.0 = 1 1
U= A\ axe2) T v
For positive z theargumentof g remainsbounded() < 1/(1 + z)? < 1, hence(2) fixesg only in thisintenal:

_J1lforo<y<1,
g(y)_{ ? for 1<y.

The solutionis uniqueonly for (1 +#)/(1 + z)? < 1, i.e.fort < (1 + z)? — 1, or for points(z,t) belov
the characteristi¢dhatrunsthroughthe origin, aswasstatedin (b). Neverthelessve canextendg (in ary well
behaedway), e.g.asg = 1, to obtaina solutionon the entirequarterplane:

u(z,t) = ek

(2) 1-D Wave Equation

We considetthewave equationuy = c?ugy fort > 0 and—oo < z < 0,
with initial conditionu(z,0) = e_$2 for —oo < z < 0.

(a) A generakolutionof thewave equationcanbewrittenin theform

u(z,t) = f(z —ct) + g(z + ct) .

wheref andg aretwo arbitraywell behaed functionsof onevariable.Choosing

1 .2
f(s)=g(s)=se %,

the solution
w(z, ) = % e (m—ct)® | % o (T + ct)?



satifiestheinitial condition(4), and
2 2
u(z,t) = c {(w —e)ye @ —el) iy aye(@rel) } ,

henceu(z,0) = 0. At time ¢, the positionof the two humpsin u is givenby = F ¢t = 0, the maximaare
locatedatz = +ct. Thusonehumpis runningin positive z-direction,the otheronein negative z-direction.

(b) Thesolutionof theform u(z, t) = g(x + ct) with uy(z, t) = ¢ ¢'(z + ct) hasto satisfytheinitial condition

2 2
(4),whichleadsto g(z) = e~ | anduy(z,t) = —2cz e~ (= +¢t)” Thereforethe additionalinitial condition
(5) hasto bechoseras

D(@) = ug(z,0) = —2cze T

(3) 1-D Heat Equation

Theproblemu; = ugz isto besolved,for 0 < z < 1, ¢ > 0, with boundaryconditionsu(0,t) = u(1,t) =0,
t > 0, andinitial conditionu(z,0) = sin(37z), 0 <z < 1.

(a) Insertingthe separationsansatZz, t) = X (z) 7'(t) into the PDEleadsto

T"X=TX" or (Xy’) (z) = (%) ().

ThisrequiresthatX” /X = —X andT’/T = —\ areconstants.

Theinitial/boundaryconditionsyield u(0,t) = X (0) T(T') = u(1,t) = X (1) T'(t) = 0, thusX (0) = X (1) =
0, andu(z,0) = X (x)T'(0) = sin(37zx).

TheeigewvalueproblemX” = —AX with X (0) = X (1) = 0 hasthesolutions
Xn(z) =sin(nrz), n=1,2,3,...

with eigevalues),, = (nm)2. Thecorrespondingroblem?” = —\,, T is solved by

T, (t) = e (n7r)2t

?

andagenerakolutionof the heatequation thatsatifiesthe boundaryconditions hastheform
e 2
u(z,t) = Z ap sin(nmz) e () L
n=1

with until now unspecifieccoeficientsa,,.

Finally theinitial condition
o0
u(z,0) = sin(37x) = Z ap, sin(nmz)
n=1

is met,if we chooseuz = 1 anda,, = 0 for n # 3. Thus
2
u(z,t) = sin(37x) g It

is the solutionof the problem.



(b) For positive t,

b
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/ u(z,t)?dz = e 7 / sin?(37z) dz < / sin?(37x) dz = 3 (w ~ 3. cos(3mz) sin(37rx)>
0 0 0 0
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(c) SeetheoremTB14: u achievesits maximumeitheronthelinesz = 0,¢t > 0orz = 1,¢t > 0, oratt = 0,
0 <z < 1.Sinceu(0,t) = u(1,t) =0fort > 0 andorgaicl{u(x,o)} = 1, for problem(6) theweakmaximum
T

principlestateshatu(z,t) < 1for0 < z <1 andt > 0.

(4) Laplace Equation on a Quarter Plane

An integral formulafor a solutionof the Laplaceproblemu,, + uy, = 0 onthehalf plane—co < z < o0,
y > 0 with boundaryconditionu(z,0) = f(z) for —co < z < 0 is

=

Problem(10) hasthedomainrestrictedto a quarterplane uz, + uyy = 0 forz > 0,y > 0, u(z,0) = h(z) for
x > 0, with anadditionalboundaryconditionon the positive y-axis:

ou
%(O,y) =0, y>0.

To write asolutionfor (10), first extendthe boundaryaluefunctionh to the entirez-axis

h(z) for z >0,
f(=) _{ g(z) for z <0,

wherethe extensiong is to be specifiedlater Then,accordingto (9), the correspondingsolutionun, for the
entirehalf planetakesthe form

oy [ f© oy [0 g y [®  h(§)
i) =1 [ e e ), e

Uponsubstitutings by —¢ in thefirst integral andcombiningtheterms,this expressiorbecomes

Y * 9(=¢) h(€)
unp(T,y) = 7T/0 (y2+(§+$)2 +y2+(§—$)2> d¢ .

To satisfythe conditionon the y-axis,we areinterestedn

du, oy [T et 9e(=) | (z=9he)
oo =21 | (<y2+(s+x)2)2+ <y2+<£—w)2)2) &,

andin particularin

0.0 =22 [7 ot a0 - 1) .
ox 7 T Jo (y?+E&2)?

The conditionunp(0,y) = 0 is met, if we chooseg to be the even extensionof & to the negative z-axis,
g(z) = h(—x) or f(z) = h(|z]). Thenun, satisfieghe Laplaceequationin the upperright quarterplane,and
the two boundaryconditionson the borderingaxes. Henceu is given astherestrictionof un, ontothe quarter
plane:

_y [ 1 1
U(~777y) - ;/(; h(&) (y2+(§+$)2 +y2+(§_$)2> dﬁ.




