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(1) Linear First Order PDE on a Quarter Plane

ThePDE���� �����
	����� � ������	������������
is to besolvedon thequarterplane

�����
,
�����

, subjectto thecondition� � ������	�� �� ����� 	"! for
�#�$��%

(a) The PDE is in standardform TB(1.3) with coefficient functions & � ���'��	(� � �)�*� 	'+,�
, - � ���'��	��.�/�*�

,0 � �1�'�'	2�3�
. ThecharacteristicequationTB(1.6) is

d
�

d
� � - � ���'��	& � ���'��	 �*� �4����5��� %

If wechooseaparametrizationby
�

, determiningthecharacteristiccurvesmeansto solvetheseparableordinary
differentialequation

�"6 � �
	2�*� � ���7� � � 	'	'+ � �����
	
. Specifiedby aconstantparameter0 , thesolutionsare� � � 	2� 0 � ����� 	 !98 �:%
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(b) Condition(2) prescribes
�

on thepositive
�

-axis,which is notacharacteristiccurve. Hence(2) determines
a uniquesolutionof (1) for thosepointsof the quarterplane ; , which canbe connectedby a characteristic
line to apoint on thepositive

�
-axis.Accordingto thefigure,thesearethepointsbelow thecharacteristicwith

parameter0 �<�
, i.e. thepoints � �1�'�'	 with

���=�
,
�5�=�

, and
�5> � �5���
	 ! 8 �

(c.f. theremarkin part(c)).

(c) To solve the problem,we follow the reasoningof sectionTB1.2. The characteristicequationinducesa
transformation? ����� @A� �4���� �5���
	 !
with nonvanishingJacobian
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Usingtherelations
? R�<�

,
? �����

,
@ES� 8 � � ������	'+ � ����� 	"T

,
@E�1�<�K+ � ����� 	 !

, and
�U� ?

,
����@ � ��� ? 	 ! 8 �

on V � ? � �1�'�'	W�'@ � ���'��	'	��X� � �1�'�'	 , equation(1) canbetransformedto thesimplerform�� � ��� ? 	 V9Y � V ����%
Regardingthis asa (separable)ordinarydifferentialequationwith V dependingprimarily on

?
, this ODE can

besolvedreadily, wheretheintegrationconstantsandconsequentlythesolutionmustbeassumedto dependon
theparameter

@
:

V � ? �'@Z	�� [ � @Z	� ��� ? 	"! %
[ is a functionof onevariablethat is to bespecifiedlater. Backtransformationto unknowns

�
and

�
yieldsthe

generalsolutionof (1):

� � ���'��	2� �� �5���
	"! [ \ ������ ���7� 	"!Z] %
Now thecondition(2) demands

� � ������	�� �� ����� 	 ! [ \ �� �5���
	 ! ] � �� ����� 	 ! %
For positive

�
theargumentof [ remainsbounded,

�^>_�K+ � �5��� 	 !)` �
, hence(2) fixes [ only in this interval:

[ �ba 	��dc �
for

�e> a ` �:�f
for

�g> a %
The solutionis uniqueonly for � ���X��	'+ � �h�i�
	 !j` �

, i.e. for
�^> � �h�i�
	 ! 8 �

, or for points � �1�'�'	 below
thecharacteristicthat runsthroughtheorigin, aswasstatedin (b). Neverthelesswe canextend [ (in any well
behavedway),e.g.as [ �<�

, to obtainasolutionon theentirequarterplane:

� � ���'��	2� �� �5���
	"! %
(2) 1-D Wave Equation

Weconsiderthewave equation
���k�l� 0 ! ��m for

�5�=�
and

8�n >���> n
,

with initial condition
� � ������	�� e

8 � !
for

8hn >$��> n
.

(a) A generalsolutionof thewave equationcanbewritten in theform� � ���'��	2�*o � � 8 0 �'	�� [ � �^� 0 �'	�%
where

o
and [ aretwo arbitraywell behavedfunctionsof onevariable.Choosing

o �qp 	�� [ �qp 	2� �� e
8 p ! �

thesolution� � ���'��	2� �� e
8 � � 8 0 ��	 ! � �� e

8 � �^� 0 �'	 !
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satifiestheinitial condition(4), and

� � � ���'��	2� 0 c � � 8 0 ��	 e
8 � � 8 0 �'	 ! 8 � �^� 0 ��	 e

8 � �r� 0 ��	 !�s �
hence

� � � ������	r�t�
. At time

�
, the positionof the two humpsin

�
is given by

��u 0 �S�t�
, the maximaare

locatedat
�U�wv 0 � . Thusonehumpis runningin positive

�
-direction,theotheronein negative

�
-direction.

(b) Thesolutionof theform
� � ���'��	2� [ � �x� 0 ��	 with

��� � �1�'�'	4� 0 [ 6 � �S� 0 ��	 hasto satisfytheinitial condition

(4), which leadsto [ � �
	�� e
8 � !

, and
��� � ���'��	2� 8 � 0 � e

8 � �^� 0 �'	 !
. Thereforetheadditionalinitial condition

(5) hasto bechosenas

y � �
	��i� � � �1����	4� 8 � 0 � e
8 � ! %

(3) 1-D Heat Equation

Theproblem
���l�w��,�

is to besolved,for
�A>i�#>z�

,
�{�X�

, with boundaryconditions
� � �|�'�'	5�w� � �,�'��	5�w�

,�����
, andinitial condition

� � ������	���}�~M� �q�,� �
	 , � ` � ` �
.

(a) Insertingtheseparationsansatz
� � �1�'�'	2��� � �
	�� � �'	 into thePDEleadsto

� 6 ���i��� 6 6
or

\ ��6 6� ] � �
	2� \ ��6� ] � �'	W%
This requiresthat

� 6 6 +���� 8��
and

� 6 +K�*� 8h�
areconstants.

Theinitial/boundaryconditionsyield
� � �|�'��	2�X� � ��	�� � �/	��i� � �,�'�'	��X� � �K	�� � �'	����

, thus
� � ��	4��� � �K	4��

, and
� � ������	��X� � � 	�� � ��	4��}�~M� �q�,� �
	 .

Theeigenvalueproblem
� 6 6 � 8�� �

with
� � ��	4�X� � �K	2���

hasthesolutions�e� � �
	4��}�~M� �b��� � 	W� � �<�,����� � �m%m%m%
with eigenvalues

� �r� �b��� 	 ! . Thecorrespondingproblem
� 6 � 8h� ���

is solvedby

� � � �'	2� e
8 �b��� 	 ! � �

andageneralsolutionof theheatequation,thatsatifiestheboundaryconditions,hastheform

� � ���'��	2� ���E� F & � }�~�� �b��� � 	 e
8 �b��� 	 ! � �

with until now unspecifiedcoefficients & � .

Finally theinitial condition

� � ������	���}�~M� �q�,� � 	2� ���E� F & � }�~M� �b��� � 	
is met,if we choose& T �3�

and & � ���
for � P� � . Thus

� � ���'��	2��}�~M� �q�,� �
	 e
8�� � ! �

is thesolutionof theproblem.
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(b) For positive
�
,� F� � � ���'��	 ! d

���
e
8 ��� � ! � � F� }�~M� ! �q�,� �
	 d

� ` � F� }�~�� ! �q�,� � 	 d
�U� �� \ � 8 ��,�U��� } �q�,� � 	�}�~M� �q�,� � 	 ] CCCC

F� � �� %
(c) SeetheoremTB14:

�
achievesits maximumeitheron thelines

�j�z�
,
�����

or
���D�

,
�����

, or at
�����

,� ` � ` �
. Since

� � �|�'��	2�X� � �,�'�'	����
for

�����
and �^� ��¢¡  ¡ F'£ � � ������	�¤R�<�

, for problem(6) theweakmaximum

principlestatesthat
� � ���'��	 ` �

for
� ` � ` �

and
�����

.

(4) Laplace Equation on a Quarter Plane

An integral formula for a solutionof theLaplaceproblem
��m/�i��¥�¥(�D�

on thehalf plane
8�n ><��> n

,a ���
with boundarycondition

� � ������	4�wo � �
	 for
8�n >$��> n

is

� � ��� a 	2� a� � ��
o � ? 	a ! � � ? 8 � 	 ! d

? %
Problem(10)hasthedomainrestrictedto aquarterplane,

� m �7� ¥�¥ �*�
for

�����
, a ���

,
� � ������	��*¦ � � 	 for�j���

, with anadditionalboundaryconditionon thepositive a -axis:§ �§ � � �|� a 	����|� a ����%
To write asolutionfor (10),first extendtheboundaryvaluefunction

¦
to theentire

�
-axis

o � �
	��¨c ¦ � �
	 for
�������[ � � 	 for
� ` ���

wherethe extension[ is to be specifiedlater. Then,accordingto (9), the correspondingsolution
�

hp for the
entirehalf planetakestheform

�
hp � �1� a 	2� a� � ��

o � ? 	a !2� � ? 8 �
	"! d
? � a� �

�
� [ � ? 	a !2� � ? 8 �
	"! d

? � a� � �� ¦ � ? 	a !2� � ? 8 � 	"! d
? %

Uponsubstituting
?

by
8 ?

in thefirst integral andcombiningtheterms,thisexpressionbecomes

�
hp � �1� a 	2� a� � �� \ [ � 8 ? 	a !2� � ? �7�
	"! � ¦ � ? 	a !4� � ? 8 � 	"! ] d

? %
To satisfytheconditionon the a -axis,we areinterestedin§ �

hp§ � � ��� a 	2� 8 � a� � �� \ � �^� ? 	 [ � 8 ? 	�ba !4� � ? ���
	"!K	"! � � � 8 ? 	|¦ � ? 	�ba !4� � ? 8 � 	"!K	"! ] d
? �

andin particularin§ �
hp§ � � �|� a 	�� 8 � a� � �� ?�ba !2� ? !K	"! � [ � 8 ? 	 8 ¦ � ? 	'	 d

? %
The condition

�
hp,
 � �|� a 	U�©�

is met, if we choose[ to be the even extensionof
¦

to the negative
�
-axis,[ � �
	��_¦ � 8 �
	 or

o � � 	���¦ ��ª � ª 	 . Then
�

hp satisfiestheLaplaceequationin theupperright quarterplane,and
thetwo boundaryconditionson theborderingaxes.Hence

�
is givenastherestrictionof

�
hp ontothequarter

plane:

� � ��� a 	2� a� � �� ¦ � ? 	 \ �a ! � � ? ��� 	 ! � �a ! � � ? 8 �
	 ! ] d
? %
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