EXAM Partial Differential Equations (155010)

Wednesday, January 31, 2007, 09:00 - 12:00

Consider the linear first order PDE problem for a functioa: u(t, x)

U + 20Uy, = —u, —oco<z<oo, t>0. Q)

a) Write down the characteristic equation of (1), and determine the charsiceri$Characteris-
tics” are meant here as curves in the - plane.

b) By applying a transformation induced by the characteristics, find a gesw@tdion of (1) that
includes an arbitrary smooth functigh Show explicitly that your solution satisfies equation (1).

a) Classify the partial differential equation and determine the canonical éérm

2Ugy — 10ugy + Buyy + Uz —uy =0
b) Given the partial differential equation with Cauchy data omthexis

{ Uzg + TYUzy — TUyy + 8uy = 0, @
2
u(0,y) = —y* +y, uz(0,y) = cos(y),

calculate the first four terms of the Taylor expansion ahost 0 of the solution of (2).

a) Determine the Cauchy problem (wave equation + initial conditions) if the d’A&trgolution
of this problem is

u(z,t) = cos(3z) cos(21t) + xt.
b) Assume that; satisfies an inhomogeneous 1-D wave equation on an int@rval

Ut = Uy + flz,t), 0<x<L, t>0,
with given inhomogeneity and constant phase velocity> 0. Show that the following integral
relationship holds for any intervét, b] with 0 < a,b < L:
d / 1 /
b
7%/ 3 (u? + CQUQQC) dr = CQUtum‘a + /fut dzx.
a a

Hint: Multiply the wave eguation by wu;, integrate over [a, b], then use integration by parts on a
suitable term. Notethat 0;(u?) = 2usug.



Consider the initial - boundary value problem for the heat equation orita ifieerval
U = Uy, for 0<ax<l1, t>0

with homogeneous boundary condition$0,t) = u(1,t) =0 for ¢ >0,
and initial conditionu(x,0) = f(z) for 0 <z < 1.

Deduce the formal solution as found by separation of variables for thidgm, and determine the
solution in case the initial condition is given by(z,0) = sin(37z) for 0 <z < 1.

5
The Laplace equation for the upper half-plane with boundary conditionisen: - axis
Ugpx + uyy — 0, u(.’L’,O) == f(.’L’), T € R, y > 0,
has the solution
LTy
Y
=—- | ——>——=d¢.
U((L‘,y) 7_[__\/ y2+(§—:1:)2 g
a) Check this formula in casg(x) = k (constant function).
b) Now consider the equation in the left quarter plane with homogeneous aguoaihditions on
the negativer - axis:
Wy + Wyy = 0, w(a:, O) = h($)7 ’LU(O, y) =0, =<0, y>0. )
Find the corresponding integral expression for the dependence sbliligon of (3) on the function
h, given on the negative - axis.
Grading

la) 2 2a) 4 3a) 3 47 5a) 3
b) 5 b) 4 b) 4 b) 4

Total: 36 + 4 = 40 points.



