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e An explanation to every answer is required.
e You can make use of a calculator.

e (Part of) the scores to exercises 1(c), 3(b) and 5(d) may be earned by homeworks, see the
underlined numbers in the table at the end of the exam.

1. The normed vector space of all bounded real sequences is denoted by £°°, its norm by

|la|| = sup|ayn|, where a = (a1, a2,as,---) with a, € R.
nenN

(a) Check the triangle inequality for || - || .
(b) Give an example of two vectors a, b € ¢* for which
lla +blI3 + lla = bl13% =2 [lall3 +2 |[b]I5
does not hold. What conclusion for £*° can be drawn from such an example?

We define ¢p := {a € £*°|lim, o0 @y = 0} to be the linear subspace of all sequences tending to 0.

(c) Show that cg is a closed subset of £>.
2. Let H = ¢* with the standard inner product and the standard basis of unit vectors (en)nen-
Define the vectors f, := ep + 2e,42, n € N. Thus
fI:(]"U’Q’O'.")' f2:(051>0‘2'0!“')‘ f3:(0!0719012$01”')1
and let S := {f, | n € N}.

(a) Find a maximal orthonormal system of F := §+.

(b) Define x := e + e2 and compute the distance between x and F, so what is 11611{1 [lz—y|| ?
v

3. Let C}[—1,1] denote the space of complex-valued, differentiable functions f : [-1,1] — R with
continuous derivative f and f(—1) = 0. Introducing the inner product

) = [ (f@)7@) + F@T@) de

=)
we get the Sobolev space H' by completing C*[—1, 1].
(a) Prove that a Cauchy sequence (f,,) in this inner product space C'[—1, 1] converges uniformly
to a continuous function on [-1,1].

b) Show that ¢ : H' — C with ¢(f) = f(0) is a well-defined bounded linear map.
2



4. Let A: L%*(0,1) — L*(0,1) be the operator on the complex Hilbert space L2(0, 1), defined by

Af(z) = fum f(t) dt for all f € L%(0,1).

(a) Show that A does not have eigenvalues.
(b) Determine A*.

(c) Prove that AA* is an integral operator of the type
1
AA g(x) = f k(z,y)g(y) dy for all g € L?(0,1).
0

(d) It has been proved that the eigenvalues of AA* are

1 1

An = 72 (2n+1)2

with n € Z.

Determine the spectrum o(AA*) of AA™.

5. Let a = (a,);%, be a sequence of complex numbers. Define

D= {I € 2(C) | Y (lmaa]? + lawaais|?) < OC}
k=0

and the operator 7' : D — (3(C) hy
Tz = (wpx1, oo, 13, 1 29, - - )

(a) Show that D is dense in £2(C).
(b) Show that T is a closed operator.

(c) Show that 7" is compact in case lim a, = 0.
n—roo

Now, as a special case, we assume that a € £>°(R) is given by ag = 0 and a, = % for n € N.

(d) Determine the spectral representation of 7" in this case.

Grading scheme:

1. (a)2 | 2. (a)3 3. (a)3|4. (a)2]| 5. (a)2
(b) 2 (b) 3 (b) 3 (b) 2 (b) 2
(c) 3 (c) 2 (¢)'2

(d) 2 (d) 3

Total: 36 + 4 = 40 points



