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1. (10 points). Let X be a normed space. Define the following notions:

(a) X is a Banach space;
(b) the Sobolev space H'(0,1)

2. (15 points). Give an example (no proof required) of

(a) two norms on the space {f : [0,1] = R: f continuous} which are not equivalent;

(b) a reflexive space

(¢) an unbounded linear operator T': X — R for some normed space X over the field R.

3. (15 points) Formulate
(a) a version (or a corollary) of the Hahn-Banach theorem (without proof, 5p);

(b) the spectral theorem for compact self-adjoint operators and sketch the proof (5p+5p)
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4. (15 points) Consider the operator
1 2 *2
A= §(J + J*)
on L?(a,b), where (as usual) Jf(t) = fot f(x)dx for f € L*(a,b), t € (a,b).
Show that

(a) A is a Hilbert-Schmidt operator and determine the integral kernel.
(b) ran A C H%(a,b) and (Af)" = f for all f € L?(a,b).

(¢) Characterize the elements in ran A by finding the right boundary conditions.
5. (10 points) Consider the linear operator
S+ LY(0,1) — L'(0,1), (S(f))(x) = (1 +¢*) f(2)

(a) Show that S is bounded and determine the operator norm ||S].

(b) Is S compact? Prove or disprove.

6. (10 points) Let H = ¢?(N) with canonical unit vectors (e,)nen and consider the closed
linear subspaces

F =span{eg,_1: n € N}, G = span{es,_1 + %egn: n € N}.
Show that
(a) F+G:={f+ge€H: fe F,ge G}isdensein H and F NG = {0}.
(b) F + G is not closed.
7. (15 points)

(a) Find f € L*(0,1) = L?(0,1;R) such that fol f(s)ds =1 and such that the term

1
/ 1 (s)[2ds
0

is as small as possible and determine this value. Is this choice of f unique?

(b) Find f € L'(0,1) = L'(0,1;R) such that fol f(s)ds =1 and such that the term

/ 1F(s)lds

is as small as possible and determine this value. Is this choice of f unique?
(¢) What can be said about the infimum of

/ (s lds

over all f € L*(0,1) such that fol sf(s)ds = 1?7 Is it a minimum?

Total points = 4 x 15+ 2 x 104 10 = 100



