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Example of bounded linear mapping? 

➔ Any linear mapping from 𝐾𝑑 → 𝐹, F arbitrary normed space.  

Pf: Use Cauchy schwartz 
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Only know by heart. 

 

Only know by heart. 
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Note here 𝓑 means the set of all bounded functions, not a ball. 

Only know by heart 

 

 

 

Only know by heart 

 

 

Know by heart  
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Note ℎ ⊥ 𝑓 − ⋯ follows from     𝑣 = 𝜑(ℎ)𝑓 − 𝜑(𝑓)ℎ,   𝜑(𝑣) = 0.  

Then be careful with the inner product and you are OK. 
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Only prove (i), (ii) optional 

 

IDEA: Use Pythagoras all the time!!! 
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From 1.10: 

 

 

 

 

Only know by heart 
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Only know by heart: this is how 𝑳𝟐 relates to derivatives, and how 𝑯𝟏 relates to 𝑳𝟐. 
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Only know by heart; Fubini only tells you how to integrate a function of 2 variables.  
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Summary: try to apply Riesz-Fréchet for existence. Uniqueness is OK.  
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Only know by heart for the following theorem 
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Proof idea: keep picking |𝜆𝑖| = ‖𝐴|𝐻1‖ with corresponding eigenvectors.  
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May use the following: 
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May use the following Lemma 
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Remember as limit of (𝑻𝒏) bounded linear functionals exists pointwise -> 𝑻 is bnd and (𝑻𝒏) 

uniformly. 

Remember proof as: try to go to uniform boundedness principle.  
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Onto. Remember as closeness of the inverse, in so far as it exists.  

May use “Rough surjective + approx. pre-images” = surjective.  

 

Then 

 

May use relatively more intuitive explanation, which skips Lemma 15.5.  
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Def: graph(T) 

 

 

 

 

Proof uses following cor, also to be proven: 

 

Uses 15.9, which says that if 𝑇 is 1-1 & onto, ∃𝑇−1 which is bounded by some other 𝑀′.  

 

Other way is easy. 

 

Definition of seperable normed space: if it contains a fundamental set, 𝒔𝒑𝒂𝒏̅̅ ̅̅ ̅̅ ̅{𝒇𝒏} = 𝑬. 

This should be countable.  
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May use 

 

And 
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Examples 

Examples        Counter-examples 

Compactness 

Any closed subset of a compact space The closed unit ball in 𝑙2 

Closed unit interval of real numbers. In fact any infinite dimensional inner product 
space has this: take in it any sequence that is 
pairwise orthogonal as a counter-example.  

  

Complete 

𝐿2 with proper norm 𝐶[𝑎, 𝑏] with the standard inner product 

 Any normed space with countable algebraic 
basis 

Finite rank operators 

Any bounded linear functional has rank 1 Integration operator (generally) 

  

Finitely approximable operators 

Hilbert-Schmidth integral operators  

  

Compact operators 

Any finitely approximable operator from a 
Banach space to a Hilbert space.  

 

  

Adjoint operators, 𝑨~𝑨∗ s.t. < 𝑨𝒙, 𝒚 > = < 𝒙, 𝑨∗𝒚 > 

Any matrix with its transpose  

The right and left – shift operators on 𝑙2  

  

Operator with eigenvalues 

Identity operator has 𝜆 = 1 Multiplication operator: 
(𝐴𝑓)(𝑡) ≔ 𝑡 ⋅ 𝑓(𝑡) 

  

Operator with approximate eigenvalues 

Multiplication operator  

  

Self-adjoint operators 𝑨 = 𝑨∗ 

Every orthogonal projection  

Every Hilbert-Schmidt integral operator, if we 

have 𝑘(𝑥, 𝑦)̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝑘(𝑦, 𝑥)  𝑓𝑜𝑟  𝑎. 𝑒.  𝑥, 𝑦 ∈ (𝑎, 𝑏) 

 

  

Of an application of the Spectral theorem for self-adjoint operators 

It helps to describe nasty differential equations. 
Especially useful in showing convergence & 
existence of solutions 

 

  

Seperable spaces (they have a countable fundamental set) 

𝑙𝑝 𝑙∞: consider the set of {0,1} sequences, which is 
an uncountable discrete metric space.  

  

 


