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Date

1.

9 november 2005

Let C(t, S) denote the Black-Scholes call option formula and A(t, S) the corresponding delta.
We know that the call-option can be replicated using stock and bond by investing A(¢, .S:)
in stocks, i.e. a percentage uy = S;A(t,S;)/C(t,St) so

dC(t, St) 5 dS: s dBy
haterl S Aes 7 22t L1 — it 2
C(t, St) wg, tAmw) g
Rewriting gives
ds, _ C(tS) dO@S) | CtS) dB
Sy SiA(t,Sy) C(t,Sy) StA(t, St)” By
so the self-financing strategy is given by
1 Sy — C(t, St)/A(t, St)
= - B
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a. Use the fact that {w: M;(w) < a} = {w: My(w) < a&Wi(w) < a}.
b. The pricd P equals
P = eirTEQ[l{maxue[o,T] Su>L} | Fo] = eirTEQ[]‘{maxue[UvT] Wilzln(L/SO)/g}]
= ¢ "'Q[ max W, >1In(L/Sp)/o] = 2e*TTN(1n(S°/L))

u€[0,T] o’ﬁ

c. When ¢ — oo we have that P goes to e”"T since infinite volatility means that the

probability that the level L will be hit goes to one, so we receive a sure payoff of 1 at
T in the limit.

d. Take 1000 times the A i.e. 10003—50 in the expression above.

a. See Bjork for Martingale Representation Theorem.
b. If V is tradeable then there exist h® and h® processes such that

av h°dS + hBdB
V = h%S+hPB

Since S/ B is a Q-martingale, there exists a process ¢ such that d% = (dW where W is
Brownian Motion under Q. but then using Ito,

Vv hs hE Vv he hs
ig = ¥ + (g8 = 5dS - 5z db
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dE = EdS — ﬁdB

SO d% = hsd% = h¥¢dW. which shows that V/B is a martingale under Q.
c. Tto shows that d% = %dm so since M/B is a martingale under @, the same must be
true for m by Martingale Representation.

d. We have by c.
my = EQ[MT | .7:,5] = EQ[GT | ft]



e. The price is
mo = EC(C(t, 8) | Fo] = E® B T0(Sp — K) [ Fu] | Fo
= ME%e T (Sr — K)t | Fo] = € C(0,5)
where C(t,S) is the Black-Scholes call formula for maturity 7" and strike K.

4. a. The description of the model implies that

1 o

St — De_r(tD_t)l{tStD} = qeWrtlr—3o7)t
but inserting ¢ = 0 gives
So—De P = ¢

and substituting this gives

Sy = (So— DeiMD)eUW‘HT_%Uz)t + Deir(tD*t)l{tgtD}

b. The price is
P = e "TEQ(Sr— K)T | Fo

but sibstiuting the expression above then gives

P = e—rTEQ[((SO _ De*TtD)GO'WT"F(T—%Uz)T _ K)+ | ,7-'0]

but we recognize this: if C(¢,.S) is the ordinary Black-Scholes call formula for maturity
T and strike K then this equals C(0,Sy — De™"'?).
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