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1. Let C(t, S) denote the Black-Scholes call option formula and ∆(t, S) the corresponding delta.
We know that the call-option can be replicated using stock and bond by investing ∆(t, St)
in stocks, i.e. a percentage uS

t = St∆(t, St)/C(t, St) so
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Rewriting gives
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so the self-financing strategy is given by
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2. a. Use the fact that {ω : Mt(ω) ≤ a} = {ω : Mt(ω) ≤ a&Wt(ω) ≤ a}.
b. The pricd P equals

P = e−rT EQ[1{maxu∈[0,T ] Su≥L} | F0] = e−rT EQ[1{maxu∈[0,T ] Wu≥ln(L/S0)/σ}]

= e−rT Q[ max
u∈[0,T ]

Wu ≥ ln(L/S0)/σ] = 2e−rT N(
ln(S0/L)

σ
√

T
)

c. When σ → ∞ we have that P goes to e−rT since infinite volatility means that the
probability that the level L will be hit goes to one, so we receive a sure payoff of 1 at
T in the limit.

d. Take 1000 times the ∆ i.e. 1000 ∂P
∂S0

in the expression above.

3. a. See Björk for Martingale Representation Theorem.

b. If V is tradeable then there exist hS and hB processes such that

dV = hSdS + hBdB

V = hSS + hBB

Since S/B is a Q-martingale, there exists a process ζ such that d S
B = ζdW where W is

Brownian Motion under Q. but then using Ito,
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so dV
B = hSd S

B = hSζdW . which shows that V/B is a martingale under Q.

c. Ito shows that dM
B = φ

B dm so since M/B is a martingale under Q, the same must be
true for m by Martingale Representation.

d. We have by c.
mt = EQ[MT | Ft] = EQ[GT | Ft]



e. The price is

m0 = EQ[C(t1, St1) | F0] = EQ
[

EQ[e−r(T−t1)(ST − K)+ | Ft1 ] | F0

]

= ert1EQ[e−rT (ST − K)+ | F0] = ert1C(0, S0)

where C(t, S) is the Black-Scholes call formula for maturity T and strike K.

4. a. The description of the model implies that

St − De−r(tD−t)1{t≤tD} = aeσWt+(r−
1
2σ2)t

but inserting t = 0 gives

S0 − De−rtD = a

and substituting this gives

St = (S0 − De−rtD)eσWt+(r−
1
2σ2)t + De−r(tD−t)1{t≤tD}

b. The price is

P = e−rT EQ[(ST − K)+ | F0]

but sibstiuting the expression above then gives

P = e−rT EQ[((S0 − De−rtD)eσWT +(r−
1
2σ2)T − K)+ | F0]

but we recognize this: if C(t, S) is the ordinary Black-Scholes call formula for maturity
T and strike K then this equals C(0, S0 − De−rtD).
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