Exam Proofs
Markov Decision Theory and Algorithmic Methods (191531920)

16 December 2022
8:45-10:45h

You may use the Accompanying Material.

Instructions:

o This exam contains one proposition and two theorems. You have to construct a proof for
one of the three and may ignore the other two.

e Construct the proof for the proposition or theorem of your choice according to Polya’s four
steps for problem solving (see the Accompanying Material).

e Your work will be graded according to the rubric in the Accompanying Material.

e Note: the grading will be based on your proof for only one proposition or theorem. So if,
during this exam, you work on multiple proofs, hand in only the proof that you want to be
considered for grading.

Prove Proposition 4.7.3:

Suppose that the maximum is attained in

o0
max } r¢(s,a) + Z pe(ils, a)u(y)

acA’ =0
and that
1. r¢(s, @) is nondecreasing in s foralla € A’ and t =1,..., N — 1,
2. qt(k|s,a) is nondecreasing in s foral k€ S, a€ A, andt=1,...,N — 1, and

3. rn(s) is nondecreasing in s.
Then uj(s) is nondecreasing in s for t =1,..., N.

For this proof. you may not use the Accompanying Material beyond Proposition 4.7.3.

Prove Theorem 6.3.3 parts d and e:
Let v° € V and let {v"} denote the iterates of value iteration. Then the following global conver-
gence rate properties hold for the value iteration algorithm:
(d) for all n,
)\TL
o =3l < =t =)l

(e) for any d, € arg maxgep{rqy + APsv"},

n

dn)>®
i)™ — w3l <

- AH'LJI — 7]

For this proof. you may not use the Accompanying Material beyond Theorem 6.3.3.




Prove Theorem 6.9.4 parts a, d and e:
Suppose |r(s,a)| < M < oo for all a € A; and s € S. Then:

(a) There exists a bounded optimal basic feasible solution z* to the dual LP.

(d) Suppose {d*}> is an optimal policy for the discounted Markov decision problem. Then 2 4-
is an optimal solution for the dual linear program.

(e) Suppose {d*}> is a deterministic optimal policy for the discounted Markov decision prob-
lem. Then 24 is an optimal basic solution for the dual linear program.

For this proof, you may not use the Accompanying Material beyond Theorem 6.9.4.




Accompanying Material
for
Exam Proofs

December 16, 8:45-10:45h

Part of the course
Markov Decision Theory and Algorithmic Methods

(191531920)

This material consists of:

- Polya’s four steps for problem solving
according to which the proof should be constructed

- Rubric MDT&AM — Proofs
according to which the proof will be graded

- Theorems, lemma'’s, propositions and corollary’'s
that are part of the course’s study material, from the book ‘Markov Decision
Processes — Discrete Stochastic Dynamic Programming’ by Martin L.
Puterman

Students are allowed to use this material while working on their Exam Proofs.



Polya’s four steps for problem solving

Step 1. Getting Started. State the important information and summarize the
problem. If possible, include a diagram. Note any assumptions you're making. You
may complete this step by answering the following questions:

What is given? Can you single out each condition?

Can you explain what each condition means?

Can you anticipate which role each condition will play in the final result?
What needs to be proved?

What is the intuitive interpretation of this result/problem?

How can this result/problem be formulated mathematically?

Step 2. Devise Plan. Devise a plan of attack before diving into the solution. Break
down the problem into smaller, manageable segments. Identify which mathematical
relationship you can apply. You may complete this step by answering the following
guestions:

« What results and mathematical relations are relevant?

« Are the assumptions of these mathematical relations met?

« How do I need to apply these results and relations in this particular case?
» Which executable steps should | make?

You should be able to finish the plan with the phrase: "And this will solve the
problem'.

Step 3. Execute Plan. Carry out your plan, explaining each step. The argument
should be easy to follow. Articulate your thought process at each step (including
roadblocks). Any variables should be clearly defined, and your diagrams should be
labeled.

Step 4. Evaluate Proof. Check your proof for reasonableness. For example:

« Can you interpret the solution and/or the result intuitively?
» Look back at your solution. Did you use all conditions?
« Which role did each condition play in the solution?

» In your solution, could you relax some assumptions of the problem? What
will change in your solution?

» If you got stuck and could not solve the problem, can you specify why? For
example, which condition couldn't you use? Or, which step couldn't you
make?

« Is the problem related to other problems or results?

» Does the solution/result make sense in extreme or special cases?

« If relevant, what are the implications of all above in practice?
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