
Exam Measure and Probability (191570401)

Monday 20 January 2OL4r 8.45 - 11.45 p.m.

This exam consists of 7 problems

1. Let O be a set, F a collection of subsets of O, and Lt, : 7 -i [0, oo). When do

we call

a. 7 a o-field?

b. p an outer measure?

c. p a measure?

Suppose -F is a a-field and pt, a finitely-additive set function, that is, a function

such that p(AU B): p(A) + p(B) whenever A and B are disjoint sets in .F.

Also suppose p has the following property: lf h : Ez ) Ezl ... are sets in F
such that OiEi:0, then lim;-*oo p(Et) :0.
d. Prove that p is a measure on (O, F).

2. Consider the measure space ((0, 1), Mp,r1,rn1o,r;).

a. What is meant by saying that / : (0, 1) -+ R. is measurable?

b. What is meant by saying that / : (0, 1) -+ R is integrable?

A measurable function / : (0, 1) -+ R is said to be mean-square integrable if

[P,r1 f'd^ < oo'

c. Show that every mean-square integrable function is integrable.

3. Consider the measure space (R, M, m).

a. State the monotone conuergence theorem.

b. (Borel-Cantelli Lemma) Suppose {Ea} is a sequence of measurable sets satis-

fying

i -'-' '
t* 

(tlrl < oo'

Show that m(F): 0 when F : {r : r belongs to infinitely many sets -86}.

(Hint: Define f":D}:rnoo, f : lim,*- fn, and show that fof a* < oo.)



4. Consider the measure space (R,,A,4, m).

a. State the domi,nated conuergence theorem.

b. Evaluate ft 7 + nf
Jg*/, 0+x\,dr'

5. Consider the (Lebesgue) measurable function "f , IR' -+ IR.

a. What does Fubini,'s theorem tell us about [n, f d*r?

b. Show that if / is the joint density function of the absolutely continuous random

variables X and d then X and Y are independent if and only if

f @,a) : f ,(r)fr(E) ..".

6. Let F,;, i:7,2,3 be finite measures on a measurable space (O,.F).

a. What is meant by /r,. << pz (lUis absolutely conttnuous wi,th respect to 1l2)?

b. What does the Radon-Ni,kodym Theorem say about the relation between p1

and pr"2 if p"y ( 11,2?

c. Let Fr:6o*h,l-tz:myo1) and p3 : l1r* p,2. For which il j do we have

t-tt K l.Li? Find the Radon-Nikodym deri,uat'iue in each such case.

7. Consider the probability space ([0, 1], M1ct,rp m1o,r1) and set

X,l4:max {n - n'lr-11 o} n :1,.2.....
Ln)

a. Does X, converge to 0 uniformly? Pointwise?

b. Does X,, converge to 0 almost surely? ln probability?

c. Does X, converge to 0 in tr1-norm?

Motivate your answers.
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