Answers Exam Queueing Theory
Monday, May 19, 2014, 13.30-16.30.

1.

a)

b)

Random splitting of a Poisson process gives two independent Poisson processes. As a
consequence, the number of jobs at the two machines are independent of each other.

Both machines behave as M/M/1 queues. For machine 1 we have A\; = 3, yi; = 2 and
hence p; = %. For machine 2 we have \y = %, 2 = 1 and hence py = % Because of
the independence of the two systems (see a), we have

pig = (1= p1)ps - (1—p2)pp = § (%) (%)j :

We have
E(Wy) = 1f1pl . ;711 = % hour and E(W3) = 152@ . i =1 hour
and hence
E(W) = 3E(W;) + $E(W;) = 4 hour.
Furthermore,
PW>1)=3PW; > 1)+ 1P(Wy > 1) = e /24 Leml/2 = Hem1/2,
The mean number of crowded periods per day equals 48(pg 1 +p1,0) = 48- 3% = % = 7%.

The fraction of time the system is crowded is 1 — po.1 — po,1 — p1,0 = g—g Hence, the
average number of crowded hours per day is equal to 24 - g—g = % = 17%. Hence, the
69 /15 _ 23
2 =22=23.

expected duration of a crowded period is 7 /% = 15

The machine works with speed 2. On this machine the processing time of a type 1
job is exponential with a mean of % hours and the processing time of a type 2 job is
exponential with a mean of % hours. Hence,

- 8+ 7L
B<3):§. 4 12 = + 38 _
4 44s 4 2+4s (4+5)(2+5s)
b) With p=2-(3 %+i-%):%,wehave
— 1—
W(s) = —d=ps
AB(s)+s— A
_ 3(4+5)(2+s)
~ 8(s2+4s+3)
3(4+s)(2+s)
8(s+1)(s+3)
_3,9 1 13
8 16 1+s 16 3+
¢) We have

1 .
PW >1)= %e—l + Ee—3 ~ 0.215.



d) We have
9

7
W) =16 171 3~ 12 "ow
and from Little’s law
E(LY) = NE(W) = g

. The system can be modeled as a G//M/1 system. Time unit: minute.

transform of the inter-arrival times is given by A(s) = !

1
1+4s ~ 1+6s>

the service rate y =

The Laplace-Stieltjes
1

G°

The mean interarrival time is 10 minutes. The occupation rate of the machine is p = %

a) The arrival distribution is
anp=(1—-0)o", n=0,1,2,...,

where o is the unique root on (0,1) of
3
—0))=

(5—-20)2—-0)
This yields o = %

b) For the Laplace-Stieltjes transform of the waiting time we have

> an () = 3 (4)" ()" =

¢) We have P(W > t) = ce #1179, Hence P(W > 12) = le~L.

o= A(p1

1+ 6s _
14+12s

_1
1+6s
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pu+s 2

W(s)

1

1
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1+ 12s°

. The arrival rate is A = 1 per hour and the service time B = U[0, 2] hour. Note that if

X = Ula,b], then

a+b 1 9 9 var(X) 1 (b—a>2
E(X) = X) = —(b— _ vard) 2 '
() =57 vl =70-a% & =T =5\ 7a
2
a) E(B) =% hour, var(B) = & (?) = 109 = 3.7 hour?. Further, E(R) = 2 hour, and
p=AE(B)=2.
b) We have
1
= q) . . — - .z
(W) = E(0-E(B)+p- BR)+ (- p) 5,
E(LY) = X-E(W)
Hence
p 1 1 100 1 1
EW)=— —_ - = —4+ ——F+—— - —=11.23 h
W)= PR+ 1379 T1o/id 2 3 hour
and
E(S) = E(W) + E(B) = 14.56 hour.



¢) Now we have By = U[0,Y], By = U[, 2], \i = X2 = §. So E(B1) = 2 hour,

373 8
E(By) =5 hour, p; = 2 and py = g. For the small (high priority) orders we get
1 1
E — E(LY)-EB E l—p)e .=
(W) = B(D-B(B)+p- BR)+ (- p) 1 5,
E(L]) = M- E(W),
SO
P 1—p 1 1
EW) = . . -—=236h
(W) 1—p )+1—,01 T4 1/i1 2 our
and
E(Sl) = E(Wl) + E(Bl) = 4.03 hour.
For the large (low priority) orders, it follows that
1 1
EW») = E(L{)-E(B1)+ E(L3) - E(Bz2) +p- E(R) + (1 —p) - Tre/id 2

+A1 - E(W2) - E(By),

E(L3) = Xo-E(Wa),
E(W)
I—-p

E(Wsy) = = 14.16 hour

and

E(Sy) = E(W3) + E(B2) = 19.16 hour.




