7; 01.06. 2. Solubions

Question 1 (35 points) Sylvester equation AX - XB = C is solved for given A € R™" B ¢ Rxk,
C € R™* and unknown X € R*¥k,

Qla (10 p) Specify (vec(X))7T in terms of its columns z;, i = 1,.. ., k: -
NT=(XT xJ T
(vec(X)) (X‘ Xy ... X >
Q1b (10 p) The Sylvester equation is transformed into an equivalent linear system (Avec(X) = vec(C).
Specify, without proof, the missing terms in the following formula (here I,R™" is the identity

matrix): T A
_ . T N -
A=LOA _pTxy, /Iu s Li{(m,%b
Qlc (15 p) Write down the matrix A for 4 and B given below: xk
< . M

Question 2 (30 points) A nonlinear system of equation F(z) = 0 is solved by an inexact Newton
method, where F': R" — R" is a smooth mapping.

Q2a (10 p) Complete the formula below for the matrix free multiplication of the Jacobian times a
vector w € R" (here § > 0 is a small parameter and z, € R" is the current solution vector):

—

Fl(z)w =~ =(F(z. + dw) — F ('XQ. ). (1)

>

Q2b (10 p) Estimate accuracy of approximation (1) above, i.e. prove that the approximation error is
O(6%) and specify ¢.

Fleyw - (Foetr iy~ Fod) = Flrw - g,-('\:’(x\,,y S +O(w) -
= F /(0w Fhow+008) = OfF) | ey {myg

Q2c¢ (10 p) How could we improve the accuracy of approximation (1)?

P~ g (Pl 50— Fli—5d) - G Bk

23 (xyw + 0 (gg) ewo}(/ _‘O(Q )=
: =

3 =0(¥?)




Question 3 (35 points) Consider the Broyden-Fletcher-Goldfarb-Shanno (BFGS) update, for given
By € R™™ and vectors zy, 2441, yi:

By = By + T ykJ}{ _ Bi(xpy1 — o) (Br(Tge1 — _,)/.k))T

Yio (Ter1 — x) (41 — 2) " Br(wpsr — k)
/J—_—\
3a (10 p) What is the rank of the matrix Ykl I'? Motivate your answer.
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Q3b (10 p) W hat is the rank of the matrix By, — By? Motivate your answer.
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