T, 2041s Sdudions

Question 1 (45 points) A linear system Az = b is solved, with A € R"*™ and b € R" given.

(a) (20 p) Consider the following iterative method for solving the linear system Az = b:

T1 = xo + agro, (1)

Tpyl = Tk + 0T + Prri—1, k21,

reak
where 7, is the residual of the approximate solution z; and «aj and 8y are\ﬁgl;rs chosen such
that
1 1 ro, Tae1 L7 and 7y Lorg—g, k21, (2)

The scalars ay, B for £ > 1 can be found as a solution of a system of two linear equations, i.e.,
a linear system with a matrix of size 2 x 2. Derive this linear system.

rwvt o {n"" A(Xk '{L“O(Kﬂ( *‘{SK rkfiﬂ) :‘FK - O(K A N ....’Q\'K Aﬂﬁkd’ gr
Q"‘QAK,FK’H‘) = @k,rK) ~ (‘\(,Ahc) —“@K(VK[AT ‘”‘)
@:(’&q) rms = @%kﬁglrk) — oly (rm)l\/r&\ — (rkﬂ} Ar““*) 10 P

Livear sy sdenm: (e And L Anc) Yok

m"" AT‘\ (&“‘;An") P - 0 SF"

(b) (15 p) Assume now that A = AT and the 2 x 2 system from the previous question has a
nonsingular matrix. Taking into account that

[Z br_ 1 [—Cb -b} (for ac— b2 #0),

c " ac — b2 a

provide an explicit expression for oy and B, k = 1.
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(¢) (10 p) Assume A = AT. Compare (i.e., briefly discuss possible differences and similarities of)
the CG method and the method given by (1).
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Question 2 (45 points) For given A € RV*N 4% € RY and g(t) : R = RY, consider initial-value
problem (IVP)
w'(t) = —Aw(t) + g(t),  w(0) =",
where w(t) : R — R¥ is the unknown vector function.
(a) (10 p) Write down the backward Euler method for solving the IVP, denoting the time step size

by 7. After that rewrite the method in the form of a linear system where the unknown vector is
the solution at the next time level w™*1.
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(b) (20 p) Let H and S be the Hermitian and skew-Hermitian parts of A, respectively. Let LLT
be the Cholesky factorization of the matrix I + 7H with I being the identity matrix. Assume
a two-sided precondtioner with the preconditioner matrices M; = L and M, = LT is applied
to the linear system derived in the previous question. Specify the matrix of the preconditioned
system in terms of I, 7, L and S. Give a relation between the w™*! and the unknown vector
@™+ of the preconditjoned system.
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(c) (15 p) Is it possible that the matrix of the preconditioned system from the previous system is the
identity matrix plus a skew-symmetric matrix? Is it possible that the matrix Hy in the GMRES
method applied to the preconditioned system is tridiagonal? Where in the complex plane are
the Ritz values of the matrix of the preconditioned system located? Motivate your answers.
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