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All answers must be motivated.
The use of (Scientific) calculator, formula sheet, or notes is not allowed.

1. Given the complex inner product space I/. Let T be an operator from V to V.

(a) Prove that if 7 is self-adjoint, then (Tr,r) is real for all r e V.

(b) Prove that if (Tr,r) is real for all r €V, then 7 is self-adjoint.

2. Given the complex linear space V spanned by the functions: {e-t , s-2ty. On this space
we have the inner product

r@(Í,g): I f(r)s(r)dr. (1)
Jo

(a) Construct an orthonormal basis of V.

(b) On the space V we consider the linear operator (the first derivative)
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3. Label the following statements as true or false. If true, provide a proof, and when false
provide a counter example. In all the items I/ is a complex inner product space.

(a) If [! and U2 are unitary opèrators on V, then UzUr is also unitary.

(b) The eigenvalues of a normal operator have modulus one.

(c) If the self-adjoint operator ? satisfles ?3 : 0, then ? : 0.
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lTotal is 40. You will get 4 points for free


