Test Linear Structures 11

Date : December 21, 2020
Time : 08.45 - 11.45

All answers must be motivated.
The use of (Scientific) calculator, formula sheet, or notes is not allowed.

1. Counsider an invertible linear operator T with eigenvalue A # 0.
(a) Prove that % is an eigenvalue of 771,
(b) Use mathematical induction on n to prove that A" is an eigenvalue of T" for all
n € N. (Recall that 0 ¢ N).

2. Consider C'(R), the space of all continous real-valued functions defined on R and let
T(f) = f' denote the differentiation operator.

(a) Determine a 1-dimensional T-invariant subspace that does not contain g(z) = 1.
(b) Determine a 2-dimensional T-invariant subspace that contains f(2) = .
(¢) Determine a 3-dimensional T-invariant subspace that contains f(z) = .

(d) Prove that the subspace found in b) is the only 2-dimensional T-invariant subspace
that contains f(x) = x.

3. Consider My.»(CT), the space of 2 x 2 matrices with complex entries. On this space we
define the following functions:

(A,B), = tr(B'A)
(A, B)g AnBiUJrAggBigg
(A, B)3 A1 Bii| + |A2eBay| + |A12Bi2| + | A21Bai|
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For each of these functions, show that it is not an inner product.
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4. Consider R3 with inner product
((x1, 22, 23), (Y1, Y2, ¥3)) = (X1 + T2 + 223) (Y1 + Y2 + 2y3) + Tayo + T3Ys3.
Let Z be the subspace consisting of all vectors (a,0,b),a,b € R.

(a) Construct an orthonormal basis for Z.

(b) Let v =(0,1,0). Determine the orthogonal projection of v on Z.

5. On the inner product space of the previous exercise, we define the left-multiplication
operator L4, where

21 6
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Is L4 normal?

6. Check whether the following statements are true or false. If true, provide a proof. If
false, give a proof or counterexample.

(a) Consider an operator T" on a real vector space V' for which (T'(v),v} = 0 for all
v € V. Then T is the zero-operator Tp.

(b) Consider a self-adjoint operator T for which T% = T,. Then T is the zero-operator
To itself.

(¢) Consider an operator T on an inner product space V. f T(v) = —v forall v e V,
then T is normal for any inner product on V.

(d) Consider an orthogonal operator T on finite-dimensional inner product space V.
Then there exists a basis 4 for V' for which |det([T]3)| = 1.
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