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Exam Stochastic Differential Equations (SDE, Mastermath)
24,0%:2018; 10:00 — 13:00. Total Points: 45.

Answer questions 1 — 3 and 4 — 5 on separate pages
No calculator /phone allowed

. a. Is the product of two local martingales a local martingale? Prove or disprove the claim.

b. Let (Mt)i>0 be a continuous local martingale. Suppose that for all ¢ > 0,
E (Sllpogsgt |M;|) < co. Show that (My)sso is a real martingale.

c. Let (M:)¢>0 be a positive local martingale s.t. E(Mp) < co. Show that it is a supermartingale.
Show further that it is a proper martingale if and only if for all t > 0 we have E(M;) = E(Mj).

. Let B denote Brownian motion and let a > 0 be a constant. Furthermore define for ¢ € [0,1)

M, := 1 exp| — QBE
BT e o L

a. For which value, ag, of a, is the above process a local martingale? Is it a martingale?

b. Find a local martingale (¢(s))s>0 such that for a = ag, the following holds:

M; = exp ( /0 ol — % /D t L;,2(3)@) :

c. For general a > 0, show that lim,_,;- M; =0 a.s.
Suppose further that 7 > 0. Show that M] converges to 0 in Ly as t goes to 1~ iff » € (0, 1).

. Let B be a Brownian motion. Consider a function f € L (R*) = {f :R; — R,VK compact :

loc

Jx F(8)%ds < 0o} and define M = (M (t));>o as:
M; = dB;.
t fo f(s)

a. Show that M is a Gaussian process and compute the covariance. Deduce that M has inde-
pendent increments.

b. Assume that M is continuous a.s. Give a necessary and sufficient condition for f such that
M is a Brownian motion.

c. Let g € L7 .(R4) and we define N = (Ng)io

loc

t
N, :#/0 g(s)dBs.

Show that the processes M and N are independent iff f(¢)g(t) = 0 almost everywhere.

See next page.
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. Let (B:) be a standard Brownian motion defined on a (filtered) probability space (2, F (F:), P).

Suppose X; is a process satisfying the SDE
dXi = XpdBy, Xo=1. (*)

Define the process (Zt)scpo,1) by
Zt — Xte— f; B‘Eds.

. Apply It6’s formula to show that

o

dZ; = Z(dB; — Bidt), Zo=1. (%%

b. Give the solution X; of the SDE (x).
c. Use the solution in (b) to show that E(Z?) < €.

d. In considering the “integrated version” of the SDE (%) on the interval [0, 1], two random
variables are relevant: [ Z;dB; and [ Z;B2dt.

Use (c¢) to show that they satisfy the following properties.

([ a0

Hint: If needed, you may assume the expressions for the moments of Gaussian distribution,
without proof. For example, E(¢*) = 30* for ¢ ~ N(0,0?).

2

1
(i) E <oo and () EU |Z,ng|dt] < cc.
0

. Let (Q, F, (F:),P) be a filtered probability space, {B;,t > 0} a standard (F;)-Brownian motion.

a. Suppose 6(-) is a continuous (deterministic) function on [0,00). Prove, from the definition
of a martingale and the properties of stochastic integral, that the process M is a martingale

on [0,77], where . .
M; = exp (/0 6(s)dB(s) — %/{; 92(s)ds) :

[Do not use It6 formula in answering this question.]

b. Suppose (14), () and (o3) are continuous adapted processes. Consider the stochastic process
X; satistying

t t
Xt=3:+f,usds+fasdBa, 0<t<T, zeR.
0 0

Construct, under appropriate conditions on (14), (u:) and (o¢), a probability measure Q on
(2, Fr, (F4),P) such that X has the following representation under Q:

t t ~
Xt—:c+f Vsds+/ FedBg, 0<i<T,
0 0

where (B;) is a Q-BM.

[Hint: Express X; (under P) in the desired form for some By.]

Number of points for each question can be found next to it; the grade will be calculated according to

Number of points

45
END

Grade = x 94 1.



