Answers Example Exam 1 Stochastic Models M8

1. A store is known for is bargains. The store has the habit of lowering the price of its
bargains each day, to ensure that articles are sold fast. Assume that you spot an item
on Wednesday (there is only one of it left) that costs €30 and that you would like to
buy for a friend as present for Saturday. You know that the price will be lowered to
€25 on Thursday when the item is not sold, and to €10 on Friday. You estimate that
the probability that the item will be available on Thursday equals 0.7. You further
estimate that the probability that it is still available on Friday when it was available
on Thursday equals 0.6. You are sure that the item will no longer be available on
Saturday. When you postpone your decision to buy the item to either Thursday or
Friday, and the item is sold, you will buy another item of €40 as present for Saturday.

(a) Formulate the problem as a stochastic dynamic programming problem. Specify
phases, states, decisions and the optimal value function.
Phases: the days, d = 1,2, 3 for Wednesday, Thursday, and Friday.
States: the price of the cheapest present you can buy: e € {10,25,30,40}. (State e = 40
represents that the item at the bargain shop has been sold and you will have to buy the
alternative gift.)
Decisions: whether to buy the gift at the bargain shop (if it is still there) or wait, a; € {B, W}.
Optimal value function: V;(e) = the minimal price you can expect to buy a gift for if it is day
d and the current cheapest gift costs e.

(b) Draw the decision tree for this problem.

Wed Thu Fri
B B
P =03 P =04
w P—07 @ W P=06
B B

(c) Give the recurrence relations for the optimal value function.
Vz(es) = e3
and for d < 3:
Va(eq) = ming,e (5w} {C(ed, aa) + ey,
With: ¢(e, B) = e and c(e, W) = 0, and
P(es = 10leg =25, W) = 0.6 P(ez = 25|e; = 30,W) = 0.7
P(es = 40lea = 25, W) =04 P(eq = 40|e; = 30,W) = 0.3
P(es = 40lex = 40, W) =1 P(ed+1leq, aq) = 0 otherwise
(d) What is the minimal expected amount that you will pay for your present, and
what is the optimal decision on Wednesday?
Friday (¢t = 3):

P(eqt1leq, aq) - Vd+1(€d+1)}

V3(40) = 40 — buy
V3(10) = 10 — buy



Thursday (t = 2):

V1(40) = 40 — buy
Vi(25) min{25,0 + 0.4 - 40 + 0.6 - 10}
= min{25,22} = 22 — wait

Wednesday (¢ = 1):

Vo(30) = min{30,0+ 0.3-40+ 0.7 - 22}
= min{30,27.4} = 27.4 — wait

So the minimal expected amount that you will pay for your present is €27.40, and the optimal
decision on Wednesday is don’t buy.

2. Each day you own 0 or 1 stocks of a certain commodity. The price of the stock is a

stochastic process that can be modeled as a Markov chain with transition rates as
follows:

day n+1
day n | 100 200

100 | 0.50 0.50
200 | 0.25 0.75

At the start of a day at which you own a stock you may choose to either sell at the
current price, or keep the stock. At the start of a day at which you do not own stock,
you may choose to either buy one stock at the current price or do nothing. You have
initial capital of 200. Your target is to maximize the discounted value of the profit
over an infinite horizon, use discount factor 0.8 (per day).

(a) Define the states and give for each state the possible decisions.
States (7, ) with ¢ the number of stock you own at the start of a day and j the current stock
price, (i,7) € {(0,100), (0, 200), (1,100), (1, 200)}.
Possible decisions for each state:
D(0,100) = D(0,200) = {buy, do nothing} = {B, N},
D(1,100) = D(1,200) = {sell, do nothing} = {S, N}.
(b) Formulate the optimality equations.

V(i) = maxe px,s) {r((0.9). d) + 085, p((k;m)|.). )V (k,m) |

with

r((0,100), B) = —100
r((0,200), B) = —200
r((1,100),S) = 100
r((1,200),S) = 200
((d 3),N) =0V (i,7)

p(k.m)|(0.5), N):

(k,m)
(i,5) | (0,100) (0,200) (1,100) (1,200)
(0,100) | 0.50 0.50 0 0
(0,200) | 0.25 0.75 0 0
(1,100) 0 0 0.50 0.50
(1,200) 0 0 0.25 0.75




p((k.m)(i.5). 5): p((k.m)\(i.5). B):

(k,m) (k,m)
(i,5) (0,100)  (0,200) (i,5) (1,100) (1,200
(1,100) | 0.50 0.50 (0,100) | 0.50 0.50
(1,200) | 0.25 0.75 (0,200) | 0.25 0.75

(¢c) Carry out the initialization and two additional iterations of value iteration.

-1 =B

V0(0,100) = max 00 (d )
0* (d=N)

V5(0,200) = max —200 (d=B)
(d=N)

Vo(1,100) = max 100" (d=5)
0 (d=N)

Vo(1,200) = max 200 (d=5)
0 (d = N)

-1 8(0.5Vp(1,1 5Vo(1,200)) = 20 =
V1(0,100) = { 00 4 0.8(0.5V(1,100) + 0.5V, (1, 200)) = 20 (d = B)

0+ 0.8(0.5V5(0, 100) + 0.5V,(0, 200)) = 0 (d=N)

—200 + 0.8(0.25Vp(1,100) + 0.75Vy(1,200)) = —60  (d = B)

71(0,200) = max
0+ 0.8(0.25V; (0, 100) + 0.75V5 (0, 200)) = 0* (d=N)

Vi(1,100) = 100 + 0.8(0.5V5(0, 100) + 0.5V5(0,200)) = 100 (d = S)
R 0+ 0.8(0.5Vp(1,100) + 0.5Vp(1,200)) = 120* (d=N)
(1, 200) — 200 + 0.8(0.25V5(0, 100) + 0.75V;(0,200)) = 200  (d = S)
e 0+ 0.8(0.25Vp(1,100) + 0.75V (1, 200)) = 140 (d= N)
~1 8(0.5V; (1,1 5VA4(1,200)) = 28* =
V2(0,100) = masx 00 + 0.8(0.5V4 (1, 100) + 0.5V;(1,200)) = 28 (d = B)
0+ 0.8(0.5V4 (0, 100) + 0.5V4 (0, 200)) = 8 (d=N)
—2 8(0.25V4(1, 1 . 1,200)) = — =
Va(0,200) = m 00 + 0.8(0.25V; (1,100) + 0.75V4(1,200)) = =56 (d = B)
0+ 0.8(0.25V; (0, 100) + 0.75V4 (0, 200)) = 4* (d=N)
100 + 0.8(0.5V4 (0, 100) + 0.5V (0,200)) = 108 (d = S)
Va(1,100) =1
0+ 0.8(0.5V4(1,100) + 0.5V;(1,200)) = 128* (d=N)
Va(l, 200) — 200 + 0.8(0.25V; (0, 100) + 0.75V7(0,200)) = 204*  (d = S)
e 0+ 0.8(0.25V; (1,100) + 0.75V4 (1, 200)) = 144 (d=N)



(d) Formulate the LP model to solve this problem. Describe how you can obtain the
optimal policy from the LP formulation.

min z = Vo100 + Vo200 + V1,100 + V1,200

s.t. Vo100 > —100 4 0.4V 100 + 0.4V7 200 State (0, 100) Decision B
Vo100 = 04 0.4V5 100 + 0.4V5 200 State (0, 100) Decision N
Vo200 > —2004 0.2V4 100 + 0.6V4 200 State (0,200) Decision B
Vo200 = 04 0.2V5 100 + 0.6V5 200 State (0,200) Decision N
Viioo > 100+ 0.4Vp 100 + 0.4V5 200 State (1,100) Decision S
Viioo = 04 0.4V 100 + 0.4V 200 State (1,100) Decision N
Vi200 > 200+ 0.2Vp 100 + 0.6V 200 State (1,200) Decision S
Viaoo = 0+0.2V] 190 + 0.6V7 200 State (1,200) Decision N

The optimal policy can be obtained by taking the constraints that are binding and using the
corresponding decisions in the corresponding states.

(e) Choose a stationary policy and investigate using the policy iteration algorithm
whether or not that policy is optimal.
E.g., start with the stationary policy §(0,100) = B, §(0,200) = §(1,100) = N, §(1,200) = S.
For this policy, the value determination equations are:

V5(0,100) = —100 + 0.8[0.5V;(1,100) 4 0.5V;(1,200)]

V5(0,200) = 0+ 0.8[0.25V5(0, 100) + 0.75V5(0, 200)]

V5(1,100) = 0+ 0.8[0.5Vs(1,100) + 0.5Vs(1,200)]
V5(1,200) = 200 + 0.8[0.25V5(0, 100) + 0.75V;(0, 200)]

Solving these equations we obtain V5 (0, 100) = 50, V5(0,200) = 25, Vs(1,100) = 150, V5(1,200) =
225. The policy improvement step of the policy iteration methods yields

735(0,100) = max { 100+ 0.8[0.5V5(1, 100) + 0.5V3(1,200)] = 50 (d = B)

o 0 -+ 0.8[0.5V;3(0, 100) + 0.5V (0, 200)] = 30 (d=N)
73(0,200) — —200 + 0.8[0.25V;(1, 100) + 0.75V3(1,200)] = =35  (d = B)
e 0 -+ 0.8[0.25V;(0, 100) + 0.75V;5(0, 200)] = 25* (d= N)

100 + 0.8[0.5V;5(0, 100) + 0.5V5(0,200)] =130 (d = S)

T5(1,100) =
5(1,100) = max {0 +0.8[0.5V5(1,100) + 0.5V5(1,200)] = 150°  (d = N)

200 4 0.8[0.25V5(0,100) + 0.75V5(0,200)] = 225* d=S_5
Ts(1, 200) — { +0.80.25V5(0, 100) + 0.75V;5(0, 200)] (d=5)

0+ 0.8[0.25V;(1,100) + 0.75Vs(1,200)] = 165  (d = N

~—

For each state (¢, ), we have Ts(i,7) = Vs(4,4). Thus, 0 is an optimal stationary policy.

(f) Give the number of stationary policies. Motivate your answer by using the defi-
nition of stationary policy.
A policy 0 is a stationary policy if whenever the state is (, 5), the policy § chooses (indepen-
dently of the period) the same decision. In this case, there are four different states and there
are two possible decisions in each state. Hence, the number of stationary policies is 2¢ = 16.

3. Consider a queueing system with 1 counter, to which groups of customers arrive ac-
cording to a Poisson process with intensity \. The size of a group is 1 with probability
p and 2 with probability 1 — p. Customers are served one by one. The service time
has exponential distribution with mean p~!. Service times are mutually independent
and independent of the arrival process. The system may contain at most 3 customers.
If the system is full upon arrival of a group, or if the system may contain only one
additional customer upon arrival of a group of size 2, then all customers in the group
are lost and will never return. Let Z(t) record the number of customers at time ¢.



(a) Explain why {Z(t),t > 0} is a Markov process and give the diagram of transitions

and transition rates.

{Z(t),t > 0} is a Markov process because the future number of customers only depends on the
number of customers in the system at time ¢, not on the evolution of the number of customers
in the system before time ¢. This is due to fact that the interarrival times as well as the service
times are exponentially distributed, so both distributions are memoryless. Therefore, if the
last event (an arrival or a departure) happened at time ¢ — h and it is now time ¢, the time
from now until the next event depends only on Z(t), the current state of the system. Figure ??

displays the transition diagram.

Figure 1: Transition diagram 6a.

(b) Give the equilibrium equations (balance equations) for the stationary probabilities

P,,n=0,1,2,3.

(1=p APy +p Py = pP
(1 =p)APL +pAP1 + Py = pAPy+ phPs
PAP +puPy = (1 —=p)APy + pAP1 + pPs
pPy = (1—p)APL+pAPy
Phb+Pi+P+P; = 1
(c) Compute these probabilities P,,n =0,1,2,3.
(2?7): APy, = uP
A
P = —-F=ph
"
() A+ = pAPy+ pbs
pPe = (A +p)pPo — pAhy
A+
P, = o upPo —ppbo
P = (p+1-p)ph
(?7)puPs = (1=p)ApPy+pA(p+1—p)pho
uPs = (14pp—p°)ApPo
Py = (l+pp—p°)p°Po
(??7):1 = PRy+pPo+(p+1—-p)pPo+ (1+pp—p°)p°Fo
1 = (1 +(2-pp+2-p°)p? +pp3)Po
2\ 2 3\ 7!
Py = <1+(2*p)p+(2*p )P~ + pp )

[N
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The answers to the following questions may be provided in terms of the probabilities

P, (except for (h)).

(d) Give an expression for the average number of waiting customers.

E(Lq> =Py, +2P;

(e) Give the departure rate and the rate at which customers enter the system.
Customers enter the system at rate 1 - pA(Po+ Py + P2) +2- (1 — p)A(Py + Pi).

This equals the departure rate: u(Py + P> + P3) = pu(1 — Fp).
(f) Give an expression for the average waiting time of a customer.

Little: E(L,) = AE(W,) = E(W,) = 1E(L,).



In Little’s law, A is the rate at which customers actually enter the system, which is A(Py +
Py) 4+ pAP; in this case. Hence

P2+2P3 _P2+2P3

E = = .
(We) MPo+ Pr) +pAP2 p(l—F)

(g) What is the fraction of time the counter is busy?
1-PF

(h) What is the average length of an idle period?
1

(i) ]):\)etermine from (g) and (h) the average length of a period the system is occupied
(=at least 1 customer in the system).
(A busy period is an uninterrupted interval in which the server is busy. A busy cycle is the
time between two consecutive moments at which a busy period starts.)
During a busy cycle, the counter is on average busy a fraction 1 — Py of the time and idle a
fraction P, of the time (g). The average length of the idle period is + (h). Hence, the average

length of the busy period is
1-F 1 1-FK
Py A AR
(j) What is the rate at which groups of size 2 enter the system?
(1 —p)A(Fo + Pr)

4. Consider the open network in the figure underneath.

Department II

&)
)
O
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[
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The queueing system consists of four queues: 1, 2, 3, and 4. Queues 1 and 2 constitute
Department I, Queues 3 and 4 constitute Department II. The numbers alongside the
arrows represent the transition probabilities between the four stations. For example, a
customer departing from Station 4 goes to Station 3 with probability 2/3, and leaves
the network with probability 1/3. Each station has one server, and every arriving
customer can be added to the queue. Service happens in order of arrival. Service
times have exponential distributions with means 1/ = 1/4, 1/us = 1/3, 1/us = 1/2,
1/pg = 1. The arrival rate at Station 1 is 7; (Poisson). [Note: queue i refers to the
system consisting of the waiting room plus the server, i =1,2,3,4.]

(a) Formulate the traffic equations and solve these equations.
A1 =71+ 0.5
A2 = A
2
A3 = 0.5 + 5/\4
A= A3

Solution: Ay = A1 = 291, Ay = A3 = 371.

(b) What is the stability condition?
max;{p;} = max;{A\;/p;} <1, 5071 <1/3.

(¢c) Give the probability distribution of the number of customers at Stations 1, 2, 3,
and 4.



(d)
()

The probability that there are n; customers at Station i equals m;(n;) = (1 — p;)(pi)™:

- (-3) ()

()3
()2

Give the joint distribution of the queue lengths at the stations (product form).
7T(TL1, ng, N3, TL4) = 71'1(711) . 7T2(TL2) . 7r3(n3) . 7r4(n4)

For each station, give the average number of customers in the queue, and the
average sojourn time of a customer at that queue.

The average number of customers in the queue at Station i is E(L,;) = p2/(1 — p;) =

A7/ (i = Mi)):

2 4 2 9 2 3 2
E(Lg1) = ; _712%, E(Ly2) = 5 _7(1;71’ E(Lya) = § _Vé%, E(Lya) = 7 —7?171'

By Little’s law, the mean waiting time at Station ¢ is E(W,;) = E(Lg,)/\:, so the mean
sojourn time at Station i equals E(W;) = E(W, ;) + 1/p; = 1/(pi — \i):

1 1 1 1
. (W2) = o— 2 (Ws) = 5— o (Wa) = — e

E(Wy) =

Give an expression for the average sojourn time in Department II.
(E(L3) + E(L4))/71, because 1 is the number of customers truly entering the system (and
thus also Department II) per time unit.

3 3
E(Ls) +E(Ls) 2oy T 135 3 9

"1 Y1 2 — 371 1-— 3’Yl

Alternative route to the same answer:
The mean sojourn time for a single visit to Department IT is:

1 1

E(Ws) +E(Wy) = 75—+ 75—

Note that the number of times a customer visits Department II before leaving the system
is geometrically distributed with ‘success probability’ p = % Hence, the average number of
times a customer visits Department II equals 1—}3 = 3. Concluding, a customer’s total expected
sojourn time in Department IT equals:

s (1, 1 \_ 3 3
2-3n 1-3n/) 2-3y 1-3n



