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Examination: Continuous Optimization
3TU- and LNMB-course, Utrecht January 16,20L2, 16.00j19.00

Ex. 1 Recall that the affine hull of a set § c lR" is defined by:

uff (S) :{rl*:DÀiri,ri €.S, ÀaaR,»Àt:1, k>1}
i:L i:7

Consider a non-empty subset ,S c lR". Show that the set aff (.S) is an affine space, i.e. atr (E)
hastheform aff(5) : Í +V withT €.S and V abnear subspace of IR".

Ex.2 Consider the convex pro$am

(co) 
Ipil* /(") s.t. gi@) < 0, i : L,.. . ,ffi ,

with convex functions Í, gi e C1(1R.",IR).

Show that (7,p) is a saddle point for the Lagrangian function L(r,g) of (CO) if and only if Z
is feasible for (CO) and satisfies the KKT-conditions (Karush-Kuhn-Tïrcker conditions) with a
multipliervectorV>0.

Ex. 3 Recall that in the set 
^9,, 

of symmetic n x n-matrices, Ao C denotes the o'inner producf',
A o C : Dqi auej, A: (oni),9 : (q) e 5".
Consider the set of positive semidefinite nxn-mafrces Sf ': {A e S, I rr Aa } 0 Vr € R"}.

(a) Show that ^9f is a convex cone.

(b) Verify the identity rr Ar : A o rxT for A e Sn,r € IR.?x.

(c) Considerthedualconeof S#, (^9*). ,:{B e ,S" I BoA > 0VA € S*}.
Show that the reladon holds: S,f : (^9f ). (i.e., SI is self-dual.)

Ex.4

(a) Letthefeasiblesetbedefinedby 7: {r e 1R" I gi@) < 0,j - 1,...,ffi},whererhe
functions gi@), i :L,... irn, areconvexonlR'. Show thatl is aclosed, convexset.

(b) Is also the following converse true? For any g : R" -+ IR it holds :

7 :: {r € R" I g(r) < 0} is convex * 9 is convex on -F

Hint: Prove it orfind a counterexample.



Ex. 5 Apply the conjugate gradient method (see lecturesheets, Th.t1.3) to a quadratic function
q(r) : lrr At * f r (A positive definite). (Recall gi :: Y q(ri)i d,i are the search directions).

(a) Show that the following recursion is true: gj+r : li * tiAd,1.

(b) If westartwiththedirection do: -go,thenthefollowingrelationsaretrueforanyk,
0 < k 3n-L:
(L) fftu:0 Vi, i,0<i,< j<k and (2) span {at,...,dn}: sPan{90,...,g*}.

Hint: Inductionwrt. k; Yourilay use allfacts provenfor the method of conjugate directions

in the course CO.

Recall: span {d6, . . .,dx} denotes the linear space spanned W do,.. .,dx.

Ex. 6 Consider the constrained minimizatiotproblem:

(P) ttrr:n. n2 s.t. 91(r) :: -rr 3 0, gz(r) := q - rl < 0 .

(a) Show that at the point 7 : (0,0) the MFCQ constraint qualification is not satisfied. Show

further thatZ is not a KKT point.

O) Show thatz: (0,0) is the unique solution of (P). (It is even a strict local minimizer of
orderP: 1;.
Hint: Show this by direct verifrcation.

Ex.7 Given the program:

(P) min 12 s.t. 9(r) :: 1 - r 10 .

We consider the penalty problem P' : minpr(z) ,: ,2 ++'(g+(r))'

andthe exactpena§problem p, , minp.(z) :: 12{b+(r). (Here s+@) :: max{0, g(r)}.)

(a) Compute the solution 7 of (P) with corresponding Lagrange multiplier (solve the system

of KKT:-conditions).

O) Compute the solutions z, of P, andthe solutions f, of P, for r > 0.

(c) Analyse the error lr, - rl and lf, - 7l for r -+ oo.

A copy of the lecture-sheets can be used during the examination.
Good luck!

Points: 38+4 =42 lmark: points/10 with a max of 10+]
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